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                                                                     Abstract 
 
This paper is fundamentally a review, a thesis, of principal results obtained in some sectors of 
Number Theory and String Theory of various authoritative theoretical physicists and 
mathematicians. 
Precisely, we have described some mathematical results regarding the Fermat’s Last Theorem, the 
Mellin transform, the Riemann zeta function, the Ramanujan’s modular equations, how primes and 
adeles are related to the Riemann zeta functions and the p-adic and adelic string theory. 
Furthermore, we show that also the fundamental relationship concerning the Palumbo-Nardelli 
model (a general relationship that links bosonic string action and superstring action, i.e. bosonic and 
fermionic strings in all natural systems), can be related with some equations regarding the p-adic 
(adelic) string sector. 
Thence, in conclusion, we have described some new interesting connections that are been obtained 
between String Theory and Number Theory, with regard the arguments above mentioned. 
 
 
 
                                                                        Chapter 4. 
 
                                                       On p-adic and adelic strings 
 
4.1 Open and closed p-adic strings. 
 
Let us now discuss the question of the construction of a dynamical theory for open and closed p-
adic strings. It was proposed (Volovich, 1987) to consider p-adic generalization of the Veneziano 
string amplitude in two ways, according to two equivalent representations  
 
                                           
( ) ( ) ( )( )∫ +Γ
ΓΓ
=−=
−−
1
0
111,
ba
badxxxbaA ba .    (1) 
 
The first way corresponds to an interpretation of the amplitude A(a, b) as a convolution of two 
characters and the second one to the p-adic interpolation of the gamma function. Using the first 
approach a complex-valued string amplitude over a finite Galois field has been constructed. 
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Consideration of string amplitudes as a convolution of characters is a very general concept 
applicable to characters on number fields, groups and algebras. 
Now, we have the string amplitudes of the following form 
 
                                                       
( ) ( ) ( )∫ −=
K
baba dxxxA 1, γγγγ ,    (2) 
 
where K is a field F, i.e., K = F, ( )xaγ  is a multiplicative character on K, and dx  is a measure on K. 
Note that the range of integration in (2) is over the entire field F, and hence this p-adic 
generalization is rather one of the Virasoro-Shapiro amplitude 
 
                                                            ∫
−−
−=
C
ba dzzzA 11 1 ,    (3) 
 
than of the Veneziano amplitude (1), where the integration is over the unit segment on the real axis. 
The equation (3) is just a particular case of (2) for K = C and  ( ) 1−= aa zzγ . The ordinary Veneziano 
amplitude can be rewritten in the following way 
 
                                                      [ ]( )∫ −− −=
R
ba dxxxxA 1,0
11 1 θ ,    (4) 
 
where ( )xθ  is the characteristic function of the segment [ ]1,0 . In particular, it can be written in 
terms of the Heaviside function [ ]( ) ( ) ( )xxx −= 11,0 θθθ . Hence, in order to have a generalization of 
the expression (4) on an arbitrary field F one should have on F an analogue of the Heaviside 
function or the function sign x. 
We have a generalization of the amplitude (4), in the case of an arbitrary locally compact 
disconnected field F, in the following form 
 
                                             ( ) [ ]dxxxA ba
F
ba
open
F 1,0
11
,
1, ττ θγγ
−
−
−= ∫     (5) 
      
where [ ]( )x1,0τθ  is a p-adic generalization of the characteristic function of the segment [ ]1,0  on F 
related to a quadratic extension ( )τF . In particular one can take the function [ ]( )x1,0τθ  in the form 
( ) ( )xx −1ττ θθ  where ( )xτθ  is a p-adic analogue of the Heaviside function. 
In the ordinary case there is an important relation between amplitudes of the open and the closed 
strings. This relation give a connection on the tree level as follows 
 
                                  ( ) 

















=
4
,
44
,
48
sin,, utAtsAtutsA opentree
open
tree
closed
tree
pi
,    (6) 
 
where s, t, u are the Mandelstam variables.  
Let F in eq. (5) be a non-discrete totally disconnected and locally compact field and define also the 
generalized Heaviside function in the form 
 
                                                             ( )
2
1 ω
ωθ ττ
sign+
=     (7) 
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which is an analogue of the ordinary one. 
Now we will consider the amplitude (5) with the characteristic function in one of the following 
forms: 
                                          [ ]( ) ( ) ( )xxx −= 11,0 τττ θθθ ,                                                   (8.1) 
                                          [ ]( ) ( )( )xSignxSignx −⋅+= 112
1
1,0 τττθ ,                               (8.2) 
                                          [ ]( ) ( )( )xSignxSignx −+= 12
1
1,0 τττθ ,                                  (8.3) 
                                          [ ]( ) ( ) ( )( )xSignSignxSignx −⋅−−= 112
1
1,0 ττττθ ,  ετ = ,    (8.4) 
                                          [ ]( ) ( ) ( )( )xSignxSignSignx −⋅⋅−−= 1112
1
1,0 ττττθ .             (8.5) 
 
The corresponding amplitudes (5) can be calculated with the help of the general formula 
 
                                                           ( ) ( ) ( )( )21
21
21, pipi
pipi
pipi
Γ
ΓΓ
=B ,    (9) 
 
which connects the beta function 
 
                                          ( ) ( ) ( )∫ −− −−=
F
dxxxxxB 12
1
121 11, pipipipi ,    (10) 
 
where ( )xpi  is a multiplicative character with the gamma function defined by an additive character 
χ  
                                                        ( ) ( ) ( )∫ −=Γ
F
dxxxx 1piχpi .    (11)   
 
Consider now the string amplitudes, constructed over the p-adic fields pQ  and their quadratic 
extension  ( )τpQ ,  from the point of view of the product formulae (6) which relates amplitudes of 
closed and open strings in a very simple form. With regard the case ετ = , the closed string 
amplitude defined on the quadratically extended field ( )εpQK = , has the form 
 
                     ( )( ) ( )∫ −
−
−
−
−
−
−−
−
−
⋅
−
−
⋅
−
−
=−=
ε
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p
Q
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b
b
a
a
baclosed
Q q
q
q
q
q
qdxxxcbaA
1
1
1
1
1
11,,
111
11
,    (12) 
 
where 2pq = . There are no such formulae as simple as (7) for the above constructed open string 
amplitudes. However, there exists a formula in the following form 
 
                                        ( )( ) ( ) ( )cbaAcbaAcbaA ppp QtotalopenQclosedQ ,,~,,,, ,=ε ,    (13) 
 
where 
                       ( ) ∫ −
−
−
−
−
−
−−
−
−
⋅
−
−
⋅
−
−
=−=
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p
p
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p
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1
1
1
11,,
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,
    (14) 
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is a p-adic analogue of the totally crossing symmetric Veneziano amplitude. 
Furthermore, the p-adic generalization of the N-point tree amplitude for vector particles in the 
bosonic case, can be proposed in the following form 
 
( ) [ ]( ) ( )
( )∫ − −
−
=
3
1,31
,,,...,
,...,,0
2
11
n
p
n
Q
yy
n
nn ykFygkkA ζθζζ    ( )∏ ∏
−≤<≤ −≤≤
−−⋅
13 13
21
nji ni
i
kk
i
kk
pi
kk
pji dyyyyy
iinji
,    (15) 
 
where [ ]( )yyyn 1,31 ,...,,0 −θ  is a p-adic generalization of the characteristic function of the simplex 
1...0 341 ≤≤≤≤≤ − yyyn  and ( )ykF ,,ζ  is the part of ( ) ( )∑
= 





−−−ji jijijiji yykkyy //2
1
exp 2ζζ  
that is multilinear in all the polarization vectors iζ . 
 
4.2 On adelic strings. 
 
The set of all adeles A may be given in the form 
 
                                           ( )SA
S
Α= U ,    ( ) ∏ ∏
∈ ∉
××=Α
Sp Sp
pp ZQRS .    (16) 
 
A has the structure of a topological ring. 
We recall that quantum amplitudes defined by means of path integral may be symbolically 
presented as 
                                               ( ) ( ) [ ]∫ 





−= DXXS
h
XAKA 1χ ,    (17) 
 
where K  and X  denote classical momenta and configuration space, respectively. ( )aχ  is an 
additive character, [ ]XS  is a classical action and h  is the Planck constant. 
Now we consider simple p-adic and adelic bosonic string amplitudes based on the functional 
integral (17). The scattering of two real bosonic strings in 26-dimensional space-time at the tree 
level can be described in terms of the path integral in 2-dimensional quantum field theory 
formalism as follows: 
 
               
( ) [ ] ( ) ( )∫ ∏ ∫
=
∞∞ 



×





=
4
1
2
0
2
41 ,
2
exp2exp,...,
j
jj
j
j Xkh
idXS
h
iDXgkkA τσpiσpi µµ ,    (18) 
 
where ( ) ( ) ( )τστστσ ,...,, 2510 DXDXDXDX = ,   jjj ddd τσσ =2  and   
 
                                                      [ ] ∫ ∂∂−= µαµασ XXdTXS 20 2     (19) 
 
with 1,0=α  and  25,...,1,0=µ .  Using the usual procedure one can obtain the crossing symmetric 
Veneziano amplitude 
 
                                             ( ) ∫ ∞∞∞∞ −= R
kkkk dxxxgkkA 3221 1,..., 241     (20) 
 
and similarly the Virasoro-Shapiro one for closed bosonic strings.  
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As p-adic Veneziano amplitude, it was postuled p-adic analogue of (20), i.e. 
 
                                            ( ) ∫ −=
pQ
kk
p
kk
ppp
dxxxgkkA 3221 1,..., 241 ,    (21) 
 
where only the string world sheet (parametrized by x ) is p-adic. Expressions (20) and (21) are 
Gel’fand-Graev beta functions on R  and pQ , respectively.  
Now we take p-adic analogue of (18), i.e. 
 
                
( ) [ ] ( ) ( )∫ ∏ ∫
=






−×





−=
4
1
2
0
2
41 ,
11
,...,
j
jj
j
pjppp Xkh
dXS
h
DXgkkA τσχσχ µµ ,    (22) 
 
to be p-adic string amplitude, where ( ) { }( )pp uiu piχ 2exp=  is p-adic additive character and { }pu  is 
the fractional part of pQu ∈ . In (22), all space-time coordinates µX , momenta ik  and world sheet 
( )τσ ,  are p-adic. 
Evaluation of (22), in analogous way to the real case, leads to 
 
                ( ) ( ) ( )( )∏ ∑∫
= <






−+−
−
×=
4
1
2222
41 log2
1
,...,
j ji
jijijipjpp kkhT
dgkkA ττσσχσ .    (23) 
 
Adelic string amplitude is product of real and all p-adic amplitudes, i.e. 
 
                                           
( ) ( ) ( )∏∞=
p
pA kkAkkAkkA 414141 ,...,,...,,..., .    (24) 
 
In the case of the Veneziano amplitude and ( ) ( ) ( )SSji Α×Α∈τσ , , where ( )SΑ  is defined in (16), 
we have 
                    
( ) ∫ ∏ ∏ ∫ ∏
∈ = ∉
∞∞∞
××−=
R
Sp j Sp
pjp
kkkk
A gdgdxxxgkkA
4
1
2222
41
3221 1,..., σ .    (25) 
 
There is the sense to take adelic coupling constant as 
 
                                                  ∏ == ∞
p
pA ggg 1
222
,   Qg ∈≠0 .    (26) 
 
Hence, it follows that p-adic effects in the adelic Veneziano amplitude induce discreteness of string 
momenta and contribute to an effective coupling constant in the form 
 
                                                    ∏∏ ∫
∈ =
≥=
Sp j
jAef dgg
4
1
222 1σ .    (26b) 
 
4.3 Solitonic q-branes of p-adic string theory. 
 
Now we consider the expressions for various amplitudes in ordinary bosonic open string theory, 
written as integrals over the boundary of the world sheet which is the real line R. Now replace the 
integrals over R by integrals over the p-adic field pQ  with appropriate measure, and the norms of 
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the functions in the integrand by the p-adic norms. Using p-adic analysis, it is possible to compute 
N tachyon amplitudes at tree-level for all N 3≥ . 
This leads to an exact action for the open string tachyon in d  dimensional p-adic string theory. This 
action is: 
 
                           ∫ ∫ 





+
+−
−
==
+
− 1[]2
12
2 1
1
2
1
1
1 pdd
p
pxd
p
p
g
xLdS φφφ ,    (27) 
 
where  denotes the d  dimensional Laplacian, φ  is the tachyon field, g  is the open string 
coupling constant, and p  is an arbitrary prime number. 
The equation of motion derived from this action is, 
 
                                                                  
pp φφ =− []2
1
.    (28) 
 
The following configuration 
 
                                ( ) ( ) ( ) ( ) ( )( )111121 ,...,... −+−−−++ ≡= dqqddqq xxFxfxfxfxφ ,    (29) 
 
with 
                                              
( ) ( ) 




 −
−≡
− 212
1
ln
1
2
1
exp ηη
pp
ppf p ,    (30) 
 
describes a soliton solution with energy density localised around the hyperplane 0... 11 === −+ dq xx . 
This follows from the identity: 
                                                          ( ) ( )( )pffp ηηη =∂− 221 .    (31) 
 
We shall call (29), with f  as in (30), the solitonic q-brane solution. Let us denote by 
( )11,..., −+⊥ = dq xxx  the coordinates transverse to the brane and by ( )qxxx ,...,0|| =  those tangential to 
it. The energy density per unit q-volume of this brane, which can be identified as its tension qT , is 
given by 
                                         
( )( )( )∫ +==−= ⊥−−⊥−− 12
1 2
2
11
p
p
g
xFLxdT
q
qdqd
q φ     (32) 
 
where 
                                                          ( )
( ) 4/1
12/2
2
ln2
1
−−
−






−
=
qd
ppq pp
pgg
pi
.    (33) 
 
Hence, we obtain the following equation 
 
             
               
( )( )( )
( )
( )∫ +














−
=−=
−−
−
⊥
−−
⊥
−−
1
ln2
12
1 2
24/1
12/2
2
11
p
p
pp
pg
xFLxdT
qd
pp
qdqd
q
pi
.    (33b) 
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Let us now consider a configuration of the type  
 
                                                        
( ) ( )( ) ( )||1 xxFx qd ψφ ⊥−−= ,    (34) 
 
with ( )( )⊥−− xF qd 1  as defined in (29), (30). For 1=ψ  this describes the solitonic q-brane. 
Fluctuations of ψ  around 1 denote fluctuations of φ  localised on the soliton; thus ( )||xψ  can be 
regarded as one of the fields on its world-volume. We shall call this the tachyon field on the 
solitonic q-brane world-volume. Substituting (34) into (28) and using (31) we get 
 
                                                                   
pp ψψ =
− ||[]2
1
,    (35) 
 
where  || denotes the (q+1) dimensional Laplacian involving the world-volume coordinates ||x  of 
the q-brane. The action involving ψ  can be obtained by substituting (34) into (27): 
 
          ( ) ( )( ) ( )( ) 





+
+−
−
===
+
−
+
⊥
−−
∫
1[]2
1
||
1
2
2||
1
1
1
2
1
1
1 || pq
q
qd
q p
pxd
p
p
g
xxFSS ψψψψφψ ,    (36) 
 
where qg  has been defined in eq.(33). 
In conclusion, we shall now show the world-volume action on the Dirichlet q-brane. Let us consider 
the situation where we start with the action (27) with g  replaced by another coupling constant g , 
and compactify (d – q – 1) directions on circles of radii 2/1 . Let iu  denote the compact 
coordinates and µz  the non-compacts ones, and consider an expansion of the field φ  of the form: 
 
                                    ( ) ( ) ( ) ( )( )∑−−
=
++=
1
1
...2cos2~~
qd
i
ii uz
p
C
zx ξψφ .    (37) 
 
Substituting this into (27), with g  replaced by g , we get the action: 
 
( )∫








+Ο+






−−
+
+−





−
−
−
+
−
+
−−
...
~~~
~
2
1~~
2
1
~
1
1
~~
2
1
2
2
1
1 31[]2
1
1[]2
1
1
12
2 ξξξψξξψψψpi iipiipq
qd
zz pC
p
pzd
p
p
g
.     
                                                                                                                                        (38) 
 
4.4 Open and closed scalar zeta strings. 
 
The exact tree-level Lagrangian for effective scalar field ϕ  which describes open p-adic string 
tachyon is 
                                         





+
+−
−
=
+
− 12
[]2
2 1
1
2
1
1
1 p
p p
p
p
p
g
L ϕϕϕ ,    (39) 
 
where p  is any prime number,  = 22 ∇+∂− t  is the D-dimensional d’Alembertian and we adopt 
metric with signature (– + … +). 
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Now we want to show a model which incorporates the p-adic string Lagrangians in a restricted 
adelic way. The eq. (39) take the form: 
 
                         ∑ ∑ ∑ ∑
≥ ≥ ≥ ≥
+
−






+
+−=
−
==
1 1 1 1
12
[]
22 1
1
2
111
n n n n
n
nnn
n
n
g
L
n
nLCL φφφ .    (39b) 
 
Recall that the Riemann zeta function is defined as 
 
                                       
( ) ∑ ∏
≥
−
−
==
1 1
11
n p
ss pn
sζ ,   τσ is += ,   1>σ .    (40) 
 
Employing usual expansion for the logarithmic function and definition (40) we can rewrite (39b) in 
the form 
                                               [ φζ2/112gL −= (/2) ( ) ]φφφ −++ 1ln ,    (41) 
 
where 1<φ . ζ (/2) acts as pseudo-differential operator in the following way: 
 
                      ζ (/2) ( ) ( ) ( )∫ 




−= dkkkex ixkD φζpiφ
~
22
1 2
,   ε+>−=− 2220
2 kkk
r
,    (42) 
 
where  ( ) ( ) ( )∫ −= dxxek ikx φφ~   is the Fourier transform of ( )xφ . 
Dynamics of this field φ  is encoded in the (pseudo)differential form of the Riemann zeta function. 
When the d’Alembertian is an argument of the Riemann zeta function we shall call such string a 
zeta string. Consequently, the above φ  is an open scalar zeta string. The equation of motion for the 
zeta string φ  is  
                                ζ (/2) ( ) ( )∫ +>− −=




−=
ε φ
φφζ
pi
φ
2
2
22
0 1
~
22
1
kk
ixk
D dkk
k
er     (43) 
 
which has an evident solution 0=φ .  
For the case of time dependent spatially homogeneous solutions, we have the following equation of 
motion 
                                 
( ) ( ) ( )
( )
( )t
tdkkket
k
tikt
φ
φφζ
pi
φζ
ε
−
=





=




 ∂−
∫ +>
−
1
~
22
1
2 00
2
0
2
2
0
0
.    (44) 
 
Finally, with regard the open and closed scalar zeta strings, the equations of motion are 
 
              ζ (/2) ( ) ( )
( )
∫ ∑
≥
−
=





−=
1
2
12
~
22
1
n
n
nn
ixk
D dkk
k
e φθφζ
pi
φ ,                                        (45) 
              ζ (/4) ( ) ( )
( )
( )
( ) ( )∫ ∑
≥
+
−
−






−
+
−
+=





−=
1
112
12
1
12
1~
42
1 2
n
n
nn
nixk
D
n
nndkkke φθθθζ
pi
θ ,    (46) 
 
and one can easily see trivial solution 0== θφ . 
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                                                                     Chapter 5 
 
               On some correlations obtained between some solutions in string theory, 
                               Riemann zeta function and Palumbo-Nardelli Model. 
 
With regard the paper: “Brane Inflation, Solitons and Cosmological Solutions:I”, that dealt various 
cosmological solutions for a D3/D7 system directly from M-theory with fluxes and M2-branes, and 
the paper: “General brane geometries from scalar potentials: gauged supergravities and accelerating 
universes”, that dealt time-dependent configurations describing accelerating universes, we have 
obtained interesting connections between some equations concerning cosmological solutions, some 
equations concerning the Riemann zeta function and the relationship of Palumbo-Nardelli model. 
 
5.1 Cosmological solutions from the D3/D7 system. 
 
The full action in M-theory will consist of three pieces: a bulk term, bulkS , a quantum correction 
term, quantumS , and a membrane source term, 2MS . The action is then given as the sum of these three 
pieces: 
 
                                                           2Mquantumbulk SSSS ++= .  (1) 
The individual pieces are: 
 
                        ∫∫ ∧∧−



−−= GGCGRgxdSbulk 2
211
2 12
1
48
1
2
1
κκ
,  (2) 
 
where we have defined G = dC, with C being the usual three form of M-theory, and )11(2 8 NGpiκ ≡ . 
This is the bosonic part of the classical eleven-dimensional supergravity action. The leading 
quantum correction to the action can be written as: 
 
                            ∫ ∫ ∧−



−−= 8280
11
21 2
1 XCTEJgxdTbSquantum .  (3) 
 
The coefficient 2T  is the membrane tension. For our case, 
3/1
2
2
2
2






=
κ
piT , and 1b  is a constant 
number given explicitly as .23)2( 13241 −−−= pib  The M2 brane action is given by: 
 
      ∫ 


 ∂∂∂+−∂∂−−= MNPPNMMNNMM CXXXgXXd
TS ρνµ
µνρ
νµ
µν εγγσ
3
11
2
32
2 ,  (4) 
 
where MX  are the embedding coordinates of the membrane. The world-volume metric 
2,1,0,, =νµγ µν  is simply the pull-back of MNg , the space-time metric. The motion of this M2 
brane is obviously influenced by the background G-fluxes.  
 
5.2 Classification and stability of cosmological solutions. 
 
The metric that we get in type IIB is of the following generic form: 
 
 10 
                           ( ) nmmn dydygt
fdx
t
fdxdxdt
t
fds γβα 32322221212 ++++−=   (5) 
 
where )(yff ii =  are some functions of the fourfold coordinates and βα ,  and γ  could be positive 
or negative number. For arbitrary )(yf i and arbitrary powers of t , the type IIB metric can in 
general come from an M-theory metric of the form  
 
                                
22222 dzedydygedxdxeds Cnmmn
BA ++= νµµνη ,  (6) 
 
with three different warp factors A, B and C , given by: 
 
     ,log
3
1log
2
1
2
2
3
3
1
21
τ
τ
β
α
+=
+
t
ffA    22
3
3
1
23 log
3
1log
2
1
τ
τ
βγ
+=
+
t
ff
B ,   








+−=
τ
τ
β
2
22 loglog
3
1
t
fC .  (7) 
 
To see what the possible choices are for such a background, we need to find the difference B – C . 
This is given by: 
 
                                          
τ
τ
βγ
232 loglog
2
1
+=−
+t
ffCB . (8) 
 
Since the space and time dependent parts of (8) can be isolated, (8) can only vanish if 
 
                                              ,
2
1
32 τ
τ
⋅=
−ff     0=+ βγ , (9) 
 
with α  and )(1 yf  remaining completely arbitrary.  
We now study the following interesting case, where 2== βα , 0=γ   21 ff = . The internal six 
manifold is time independent. This example would correspond to an exact de-Sitter background, 
and therefore this would be an accelerating universe with the three warp factors given by: 
 
                     2
1log
3
2
t
fA = ,   





+= 2
1
3 log3
1log
2
1
t
ffB ,   21log3
1
t
fC −= .  (10) 
 
We see that the internal fourfold has time dependent warp factors although the type IIB six 
dimensional space is completely time independent. Such a background has the advantage that the 
four dimensional dynamics that would depend on the internal space will now become time 
independent.  
This case, assumes that the time-dependence has a peculiar form, namely the 6D internal manifold 
of the IIB theory is assumed constant, and the non-compact directions correspond to a 4D de-Sitter 
space. Using (10), the corresponding 11D metric in the M-theory picture, can then, in principle, be 
inserted in the equations of motion that follow from (1). Hence, for the Palumbo-Nardelli model, we 
have the following connection: 
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                ( ) ( ) =


 ∂∂−−−− ∫ φφφpi νµ
µν
ρσµν
νσµρ gfGGTrgg
G
Rgxd
2
1
8
1
16
26
 
                
( ) ( )∫ ∫∞ Φ− ⇒





−−Φ∂Φ∂+−=
0
2
22
10
2
102
3
22/110
2
10
~
2
14
2
1 FTr
g
HReGxd ν
µ
µ
κ
κ
 
                 ∫ ∫ ∧∧−



−−⇒ CGCGRgxd 2
211
2 12
1
48
1
2
1
κκ
  (11),  
 
where the third term is the bosonic part of the classical eleven-dimensional super-gravity action. 
 
5.3 Solution applied to ten dimensional IIB supergravity (uplifted 10-dimensional solution). 
 
This solution can be oxidized on a three sphere 3S  to give a solution to ten dimensional IIB 
supergravity. This 10D theory contains a graviton, a scalar field, and the NSNS 3-form among other 
fields, and has a ten dimensional action given by 
 
                            ∫ 



−∂−= − µνλµνλφφ HHeRgxdS 221010 12
1)(
2
1
4
1
.  (12) 
 
We have a ten dimensional configuration given by 
 














−++++





+





++−





=
2
5
222
4/5
2
2
2
5,0
22
4/3
2
10 5
cos
2)()(
2 dt
r
Qdddddrdr
rh
rdxrdtrh
r
ds ϕθψϕψθ
 
2
log
4
5 r
−=φ , 
 
( ) ψϕθθϕθψ dddgdddtdr
r
QH ∧∧−+∧∧−= sin
2
cos63 .   (13) 
 
This uplifted 10-dimensional solution describes NS-5 branes intersecting with fundamental strings 
in the time direction.  
Now we make the manipulation of the angular variables of the three sphere simpler by introducing 
the following left-invariant 1-forms of SU(2): 
 
     ,sinsincos1 ϕθψθψσ dd +=   ϕθψθψσ dd sincossin2 −= ,  ϕθψσ dd cos3 += ,   (14) 
 
and                                                        dt
r
Qh 533
1
5
−= σ .  (15) 
 
Next, we perform the following change of variables 
 
5
4
2
ρ=r ,   tt ~
32
5
= ,   44
~
22
1
xddx = ,   dZdx
2
1
5 = ,   gg ~2= ,   QQ
~22 7= ,   ii g
σσ ~
~
1
= .  (16) 
 
It is straightforward to check that the 10-dimensional solution (13) becomes, after these changes 
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[ ] 2
2
43
2
2
2
12
2
6
12
10
~1
24
~
~
~~~
~
~
2
1
~ dZtdQg
g
sdsd ρ
ρ
σσσ
ρρ +
















−+++= − ,   
                     ρφ ln−= ,   
                  3532123
~
~
~2
~
~
~~
~
1 hdtd
g
Qh
g
H ∧∧+∧∧−= ρ
ρ
σσ ,   (17) 
 
where we define  
 
                                    
2
4,0
22
2
22
6
~
)(~
~)(~~ xdd
h
tdhsd ρρ
ρ
ρρ ++−=   (18) 
 
and, after re-scaling M, 
 
                                             6
2
2
2
2
1
8
~
32
~
~2~
ρ
ρ
ρ
QgMh ++−= .  (19) 
 
We now transform the solution from the Einstein to the string frame. This leads to 
 
                     
[ ] 2
2
43
2
2
2
12
2
6
22
10
~1
24
~
~
~~~
~
1
~
2
1 dZtdQg
g
sdsd +
















−+++= −
ρ
σσσρ ,   
 
                          ρφ ln2−= ,  
 
                        33 HH = .        (20) 
 
We have a solution to 10-dimensional IIB supergravity with a nontrivial NSNS field. If we perform 
an S-duality transformation to this solution we again obtain a solution to type-IIB theory but with a 
nontrivial RR 3-form, 3F . The S-duality transformation acts only on the metric and on the dilaton, 
leaving invariant the three form. In this way we are led to the following configuration, which is S-
dual to the one derived above 
 
                     
[ ] 22
2
43
2
2
2
12
2
2
6
2
10
~1
24
~
~
~~~
~
~
2
1 dZtdQg
g
sdsd ρ
ρ
σσσ
ρ
+
















−+++= , 
 
                         ρφ ln2= ,  
 
                       33 HF = .          (21) 
 
With regard the T-duality, in the string frame we have 
 
                     
[ ] 2224322212
2
2
6
2
10
1
242
1 dZrdt
r
gQ
g
rdssd −+














−+++= σσσ .  (22) 
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This gives a solution to IIA supergravity with excited RR 4-form, 4C . We proceed by performing a 
T-duality transformation, leading to a solution of IIB theory with nontrivial RR 3-form, 3C . The 
complete solution then becomes 
 
                     
[ ] 2224322212
2
2
6
2
10
1
242
1 dZrdt
r
gQ
g
rdssd +














−+++= σσσ  , 
 
                         rln2=φ  
 
                       3532123
1
2
1 hdrdt
rg
Qh
g
C ∧∧−∧∧−= σσ .  (23) 
 
We are led in this way to precisely the same 10D solution as we found earlier [see formula (21)]. 
With regard the Palumbo-Nardelli model, we have the following connection: 
 
            ( ) ( )∫ =


 ∂∂−−−− φφφ
pi
νµ
µν
ρσµν
νσµρ gfGGTrgg
G
Rgxd
2
1
8
1
16
26
 
            
( ) ( )∫ ∫∞ Φ− →





−−Φ∂Φ∂+−=
0
2
22
10
2
102
3
22/110
2
10
~
2
14
2
1 FTr
g
HReGxd ν
µ
µ
κ
κ
 
                     ( )∫ 



−∂−→ − µνλµνλφφ HHeRgxd 2210 12
1
2
1
4
1
.  (24) 
 
 
5.4 Connections with some equations concerning the Riemann zeta function. 
 
We have obtained interesting connections between some cosmological solutions of a D3/D7 system, 
some solutions concerning ten dimensional IIB supergravity and some equations concerning the 
Riemann zeta function, specifying the Goldston-Montgomery theorem.  
In the chapter “Goldbach’s numbers in short intervals” of Languasco’s paper “The Goldbach’s 
conjecture”, is described the Goldston-Montgomery theorem. 
 
THEOREM 1 
 
Assume the Riemann hypothesis. We have the following implications: (1) If 10 21 ≤≤< BB  and 
( ) TTTXF log
2
1
,
pi
≈  uniformly for XXT
X
X BB 3
3 loglog
2
1
≤≤ , then  
 
                                      ( )( ) ( ) ( )∫ ≈−−+
X
Xdxxxx
1
22 1log
2
11 δδδψδψ ,  (25)  
 
 uniformly for 
12
11
BB XX
≤≤ δ . 
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(2) If ∞<≤< 211 AA       and              ( )( ) ( )( )∫ ≈−−+
X
Xdxxxx
1
22 1log
2
11 δδδψδψ      uniformly for     
X
X
T
XX AA
3
/13/1 log
1
log
1
21
≤≤ ,  then    ( ) TTTXF log
2
1
,
pi
≈    uniformly for 
                 
                                                                 
21 AA TXT ≤≤ . 
 
Now, for show this theorem, we must to obtain some preliminary results . 
 
Preliminaries Lemma. (Goldston-Montgomery) 
 
Lemma 1.   
 
We have ( ) 0≥yf     Ry ∈∀  and let      ( ) ( ) ( )∫
+∞
∞−
− +=+= YdyyYfeYI y ε12 .   If R(y) is a Riemann-
integrable function, we have: 
 
                                             ( ) ( ) ( ) ( )( )∫ ∫ +






=+
b
a
b
a
ydyyRdyyYfyR '1 ε . 
 
Furthermore, fixed R, ( )Y'ε  is little if ( )yε  is uniformly small for   11 ++≤≤−+ bYyaY . 
 
Lemma 2. 
 
Let ( ) 0≥tf  a continuous function defined on  [ )+∞,0  such that  ( ) ( )2log2 +<< ttf . 
If  
                                                  
( ) ( ) ( )( )∫ +==
T
TTTdttfTJ
0
log1 ε , 
then 
                                                
( ) ( )∫
∞






+=





0
2 1log'
2
sin
k
kkduuf
u
ku
ε
pi
, 
 
with ( )k'ε  small for +→ 0k  if ( )Tε  is uniformly small for  
 
                                                              k
k
T
kk
2
2 log
1
log
1 ≤≤ . 
 
Lemma 3. 
 
Let 0)( ≥tf   a continuous function defined on  [ )+∞,0  such that )2(log)( 2 +<< ttf . If  
 
                             
k
kkduuf
u
kukI 1log)('
2
)(sin)(
0
2
∫
∞






+=





= ε
pi
,  (26)            then 
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                                          ∫ +==
T
TTdttfTJ
0
log)'1()()( ε  ,  (27) 
 
with 'ε  small if εε ≤)(k  uniformly for  T
T
k
TT
2log1
log
1 ≤≤ . 
 
Lemma 4. 
 
Let    ( ) ( )( )∑<< −+
−
=
T
iXTXF
',0
2
'4
'4
:,
γγ γγ
γγ
.   Then  (i)  ( ) 0, ≥TXF ;  (ii)  ( ) ( )TXFTXF ,/1, = ;  (iii) If  
 
The Riemann hypothesis is preserved, then we have 
 
                             ( )
















+





+=
T
TOXT
X
TTXF
log
loglog
2
1loglog1, 22 pi
 
 
uniformly for   TX ≤≤1 . 
 
Lemma 5. 
 
Let ( ]1,0∈δ  and ( ) ( )
s
sa
s 11 −+
=
δ
.  If  ( ) 1≤γc   y∀   we have that 
 
   ( ) ( )( ) ( )
( )
( ) 




+





+
−+
+=
−+ ∫ ∑∫ ∑
∞+
∞− ≤
∞+
∞−
Z
Z
OOdt
t
ciadt
t
cita
Z
332
2
2
2
2
2 log12log
1
2/1
1 δ
δ
γ
γγ
γ
γ
γγ
 
 
for δ
1
>Z . 
 
For to show the Theorem 1, there are two parts. We go to prove (1). 
We define 
                                                    
( ) ( )∫ ∑ −+=
T i
dt
t
XTXJ
0
2
21
4,
γ
γ
γ
. 
 
Montgomery has proved that        ( ) ( ) ( )TOTXFTXJ 3log,2, += pi      and thence the hypothesis 
( ) TTTXF log
2
1
,
pi
≈     is equal to    ( ) ( )( ) TToTXJ log11, += .  Putting  ( )δ+= 1log
2
1k , we have 
                                                                 ( )
2
2 sin4 





=
t
ktita . 
 
For the Lemma 2, we obtain that 
                          
( ) ( ) ( ) ( )∫ ∑
∞






+=





+=
−+0
2
2
2 1log1
4
1log1
21 δ
δpipi
γγ
γ
o
k
kodt
t
Xita
i
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for                                                    δδ
δδ
1log31log
1 2
2
≤≤ T . 
 
For the Lemma 5 and the parity of the integrand, we have that  
 
                                          ( ) ( ) ( ) δδ
pi
γ
ρ
γ
γ 1log1
21
2
2 





+=
−+∫ ∑
∞+
∞− ≤
odt
t
X
a
Z
i
    (a)  
   if   δδ
1log1 3≥Z . 
 
From the   ( ) ( ) ( )∑≤ −+= Z
i
t
X
atS
γ
γ
γ
ρ 21
   we note that the Fourier’s transformed verify that 
 
                                                
( ) ( ) ( )∑
≤
−
−=
Z
ui eueXauS
γ
piγ γρpi 2ˆ . 
 
From the Plancherel identity, we have that 
 
                                ( ) ( ) ( )∫ ∑
∞+
∞−
−
≤






+=− δδpiγρ
pi
γ
γ 1log124
2
odueueXa u
Z
i
.  
 
For the substitution   XY log= ,   yu =− pi2   we obtain 
 
                              ( ) ( ) ( )( )∫ ∑
∞+
∞−
−
≤
+ += δδργ
γ 1log112
2
odyeea y
Z
yYi
.    (b) 
 
Using the Lemma 1 with  ( ) yeyR 2=  if  2log0 ≤≤ y   and  ( ) 0=yR   otherwise, and putting 
yYex +=  we have that 
                                      ( ) ( )∫ ∑ 





+=
≤
X
X Z
Xodxxa
2
2
2
1log1
2
3
δδργ
ρ
.  
 
Substituting X  with jX −2 , summarizing on j, Kj ≤≤1 , and using the explicit formula for ( )xψ  
with XXZ 3log=  we obtain 
 
                        
( )( ) ( )( ) ( )( )∫
−
+−=−−+ −
X
X
K
K
Xodxxxx
2
222 1log121
2
11 δδδψδψ . 
 
Furthermore, we put [ ]XK loglog=  and we utilize, for the interval KXx −≤≤ 21 , the estimate of  
Lemma 4 (placing KX −2  for X ). Thus, we obtain (1). 
Now, we prove (2). 
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We fix an real number 1X . Making an integration for parts between 1X  and 13/212 log XXX =  we 
obtain, remembering that for hypothesis we have 
                                          ( )( ) ( )( )∫ ≈−−+
X
Xdxxxx
1
22 1log
2
11 δδδψδψ , 
 
that                     ( )( ) ( )( ) ( )∫ −− 





+=−−+
2
1
1log1
2
11 21
42
X
X
Xodxxxxx δδδψδψ .    (c) 
 
Utilizing the estimate, valid under the Riemann hypothesis 
 
                                      ( )( ) ( )( )∫ <<−−+
X
Xdxxxx
1
222 2log1 δδδψδψ , 
 
we obtain  analogously as before that 
 
                 ( )( ) ( )( )∫
∞
−−−






=<<−−+
2
1log1log1 21
22
2
42
X
XoXdxxxxx δδδδδψδψ .    (d) 
 
Now, summarizing (c) and (d) and multiplying the sum for 21X  we obtain 
 
                    
( )( ) ( )( ) ( )( )∫
∞
− +=−−+





1
22
2
2
1
2
1
2 1log111,min δδδψδψ odxxxxxx
X
X
x
. 
 
Putting XX =1 ,  XY log= ,  
yYex +=  and using the explicit formula for ( )xψ  with XXZ 3log= , 
we obtain the equation (b).  
Now, we take the equation (10) and precisely 21log3
2
t
fA = . We note that from the equation (27) for 
3
2
' −=ε  and  T = 2, we have ∫ =+==
T
TTdttfTJ
0
2log
3
2log)'1()()( ε . This result is related to 
2
1log
3
2
t
fA =   putting  221 =t
f
, hence with the Lemma 3 of Goldston-Montgomery theorem. Then, 
we have the following interesting relation 
 
                                            ∫ +=⇒=
T
TTdttf
t
fA
0
2
1 log)'1()(log
3
2
ε ,  (28) 
 
hence the connection between the cosmological solution and the equation related to the Riemann 
zeta function. 
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Now, we take the equations (13) e (21) and precisely 
2
log
4
5 r
−=φ   and  ρφ ln2= . We note that 
from the equation (27) for 
2
3
'=ε   and  T = 1/2 , we have     
∫ =+==
T
TTdttfTJ
0 2
1log
4
5log)'1()()( ε .  
 
 Furthermore, for 3'=ε   and  T =  1/2 , we have ∫ =+==
T
TTdttfTJ
0 2
1log2log)'1()()( ε . 
 
These results are related to  
2
log
4
5 r
−=φ   putting  r = 1 and to  ρφ ln2=  putting 2/1=ρ , hence 
with the Lemma 3 of Goldston-Montgomery theorem. Then, we have the following interesting 
relations: 
 
( )[ ]∫ +−=−⇒−=
T
TTdttfr
0
log'1)(
2
log
4
5
εφ  , (29a)    ( )∫ +=⇒=
T
TTdttf
0
log'1)(ln2 ερφ ,⇒  
                            ∫ 



−∂−⇒ − µνλµνλφφ HHeRgxd 2210 12
1)(
2
1
4
1
  (29b) 
 
hence the connection between the 10-dimensional solutions and some equations related to the 
Riemann zeta function.  
From this the possible connection between cosmological solutions concerning string theory and 
some mathematical sectors concerning the zeta function, whose the Goldston-Montgomery 
Theorem and the related Goldbach’s Conjecture.  
 
5.5 The P-N Model (Palumbo-Nardelli model) and the Ramanujan identities. 
 
Palumbo (2001) ha proposed a simple model of the birth and of the evolution of the Universe. 
Palumbo and Nardelli (2005) have compared this model with the theory of the strings, and 
translated it in terms of the latter obtaining: 
 
                    ( ) ( )∫ =


 ∂∂−−−− φφφ
pi νµ
µν
ρσµν
νσµρ gfGGTrgg
G
Rgxd
2
1
8
1
16
26
 
                   
( ) ( )∫ ∫∞ Φ− 





−−Φ∂Φ∂+−=
0
2
22
10
2
102
3
22/110
2
10
~
2
14
2
1 FTr
g
HReGxd ν
µ
µ
κ
κ
,   (30) 
 
A general relationship that links bosonic and fermionic strings acting in all natural systems. 
It is well-known that the series of Fibonacci’s numbers exhibits a fractal character, where the forms 
repeat their similarity starting from the reduction factor φ/1  = 0,618033 = 
2
15 −
 (Peitgen et al. 
1986). Such a factor appears also in the famous fractal Ramanujan identity (Hardy 1927): 
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





−
−+
+
+=
−
==
∫
q
t
dt
tf
tfqR
0 5/45/1
5
)(
)(
5
1
exp
2
531
5)(
2
15/1618033,0 φ ,        (31) 
 
and           




















−
−+
+
+−Φ=
∫
q
t
dt
tf
tfqR
0 5/45/1
5
)(
)(
5
1
exp
2
531
5)(
20
32pi ,           (32) 
 
 where                                                            
2
15 +
=Φ .  
 
Furthermore, we remember that pi  arises also from the following identity: 
 
( )( )





 ++
=
2
13352log
130
12
pi ,  (32a)  and   















 +
+






 +
=
4
2710
4
21110log
142
24
pi . (32b)   
 
The introduction of (31) and (32) in (30) provides: 
 
( )
( ) ( )∫
∫
+−

































−
−+
+
+−Φ
⋅−− φρσµννσµρ fGGTrgg
t
dt
tf
tfqR
G
Rgxd
q
8
1
)(
5
1
exp
2
531
5)(
20
32
1
16
0 5/45/1
5
26
 
]φφ νµµν ∂∂− g2
1
= ⋅




















−
−+
+
+−Φ⋅
∫
∫
∞
q
t
dt
tf
tfqR
R
0 5/45/1
50 2
11
)(
)(
5
1
exp
2
531
5)(
20
32
κ
( ) [ νµµ κ Tr
Rg
t
dt
tf
tfqR
HReGxd
q
2
10
0 5/45/1
5
2
11
2
3
22/110
2
)(
)(
5
1
exp
2
531
5)(
20
32
~
2
14




















−
−+
+
+−Φ
−−Φ∂Φ∂+−
∫
∫
Φ−
( ) ]22F ,              (33) 
 
which is the translation of (30) in the terms of the Theory of the Numbers, specifically the possible 
connection between the Ramanujan identity and the relationship concerning the Palumbo-Nardelli 
model. 
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5.6 Interactions between intersecting D-branes. 
 
Let us consider two Dp-branes in type II string theory, intersecting at n  angles inside the ten-
dimensional space. 
The interaction between the branes can be computed from the exchange of massless closed string 
modes. This can be computed from the one-loop vacuum amplitude for the open strings stretched 
between the two Dp-branes, that is given by 
 
                                                                ∫
−
=Α tHTre
t
dt
2
2 ,    (34) 
 
where H  is the open string Hamiltonian. For two Dp-branes making n  angles in ten dimensions 
this amplitudes can be computed to give 
 
                ( ) ( ) ( )( ) ( )∫∞ −−−−−− −−=Α 0 42/132
3
2'2
'8'8exp 2
2
RNS
n
ptY
p ZZtitiLtt
dtV piαηαpiαpi ,    (35) 
 
with 
                              
( )( ) ( )( ) ( )( )
( )
( )∏ ∏
= =
−−
∆Θ
∆Θ
Θ−
∆Θ
∆Θ
Θ=
n
j
n
j j
jn
j
jn
NS itti
itti
it
itti
itti
itZ
1 1 1
44
4
1
34
3 00 θ
θ
θ
θ
, 
                               
( )( ) ( )( )∏
=
−
∆Θ
∆Θ
Θ=
n
j j
jn
R itti
itti
itZ
1 1
24
2 0 θ
θ
,    (36) 
 
being the contributions coming from the NS  and R  sectors. Thence, the eq. (35) can be rewritten 
also 
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Also in (36) iΘ  are the usual Jacobi functions and η  is the Dedekin function. Furthermore, in (35) 
by Y we mean the distance between both branes, 2kkYY Σ=  where k  labels the dimensions in 
which the branes are separated and kY  the distance between both branes along the k  direction. 
Now we take the small t  limit of (35), that is, the large distance limit ( )slY >> . This is the right 
limit that takes into account the contributions coming from the massless closed strings exchanged 
between the branes. 
Using the well known modular properties of the Θ  and η  functions we obtain, in the 0→t  limit, 
that the amplitude is just given by 
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where the function F  contains the dependence on the relative angles between the branes, and is 
extracted from the small t  limit of (36). The exact form of this function is given by 
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Hence, the eq. (37) can be rewritten also 
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The interaction potential between the branes can then be calculated by performing the integral (37). 
This integral is just given in terms of the Euler Γ -function, so the potential has the following form 
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Note that for 7=+ np  this expression is not valid as ( )0Γ  is not a well defined function. In fact in 
that case the integral (37) is divergent, so we need to introduce a lower cutoff to perform it. If we 
denote by cΛ  the cutoff, the integral becomes 
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When dealing with compact spaces the expression (37) is modified in the following way 
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where kω  represents the winding modes of the strings on the directions transverse to the branes. 
That means that the summation over k  in (41) has only one term in the D6-brane case and it will be 
( ) ( )2
9
1
99 xxY −= .  In the D5-brane case we will have two terms:  ( ) ( )28188 xxY −=  and  ( ) ( )29199 xxY −= .  
Also in both cases we will denote 2kkYY Σ= .  Nevertheless, if the distance between the branes is 
small compared with the compactification radii ( )( )RY pi2<< , the winding modes would be too 
massive and then will not contribute to the low energy regime. That is, it will cost a lot of energy to 
the strings to wind around the compact space. If we translate this assumption to (41), the dominant 
mode will be the zero mode, and the potential can be written as in (39), (40), taking into account 
that we focus on the case where the number of angles is 2=n . In this case the potential, when 
normalised over the non-compact directions, for branes of different dimensions is just given by 
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where the ( ) 52 −pRpi  factor arises from the dimensions in which the branes become parallel on the 
compact dimensions. Furthermore, remember that R  denotes the radius of the torus. 
Now we note that the eq. (37) can be rewritten substituting to pi  the corresponding Ramanujan’s 
identity (32). Hence, we obtain 
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With regard the eq. (40), we note that can be related with the expression (29b) concerning the 
lemma 3 of Goldston-Montgomery Theorem and with the Palumbo-Nardelli Model. Hence, we can 
write the following interesting connections:     
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5.7 General action and equations of motion for a probe D3-brane moving through a type IIB  
      supergravity background. 
 
Now we will show the general action and equations of motion for a probe D3-brane moving through 
a type IIB supergravity background describing a configuration of branes and fluxes. 
We start by specifying the ansatz for the background fields that we consider, and the form of the 
brane action. We are interested in compactifications of type IIB theory, in which the metric takes 
the following general form (in the Einstein frame) 
 
                                     
nm
mn dydyghdxdxhds
2/12/12 += − νµµνη .    (44) 
 
We now embed a probe D3-brane in this background, with its four infinite dimensions parallel to 
the four large dimensions of the background solution. The motion of such a brane is described by 
the sum of the Dirac-Born-Infeld (DBI) action and the Wess-Zumino (WZ) action. The DBI action 
is given, in the string frame, by 
 
 23 
                                          ( )∫ +−−= −− ababsDBI FedgTS γξ φ det413 ,    (45) 
 
where  ababab fBF '2piα+= , with 2B  the pullback of the 2-form field to the brane and 2f  the world-
volume gauge field. Nb
M
aMNab xxg ∂∂=γ , is the pullback of the ten-dimensional metric MNg  in the 
string frame. Finally 2' sl=α  is the string scale and aξ  are the brane world-volume coordinates. 
The WZ part is given by 
                                                                ∫= WWZ CqTS 43 ,    (46) 
 
where W  is the world-volume of the brane and 1=q  for a probe D3-brane and 1−=q  for a probe 
anti-brane. We are interested in exploring the effect of angular momentum on the motion of the 
brane, and therefore assume that there are no gauge fields living in the world-volume of the probe 
brane, 0=abf . For convenience we take the static gauge, that is, we use the non-compact 
coordinates as our brane coordinates: aa x == µξ . Since, in addition, we are interested in 
cosmological solutions for branes, we consider the case where the perpendicular positions of the 
brane, my , depend only on time. Thus 
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and 0=abB . Hence 
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−− 2341
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in the Einstein frame. Thence, summing the DBI and WZ actions, we have the total action for the 
probe brane 
                                          [ ]∫ −−−= −−− qhvexhdgTS s 231413 1φ .    (49) 
 
This action is valid for arbitrarily high velocities. Furthermore, this equation correspond to the 
Born-Infeld action for the D-brane embedded in the 10-dimensional space of type IIB theory. 
The functions appearing in the following equations 
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are the solutions of the equations of motion for the IIB theory in 10-dimensions, defining the 
background. Thence, putting eqs. (50) and (51) in (49), we can determine the trajectory of the brane 
in ten dimensions. 
Here, ηη ~=  determines the UV scale at which the KT throat joins to the Calabi-Yau space. This 
solution has a naked singularity at the point where ( ) 00 =ηh , located at  be /10 ~ −=ηη . In this 
configuration, the supergravity approximation is valid when 1, >>NgMg ss : in this limit the 
curvatures are small, and we keep 1<sg . 
We note that also the eqs. (50) and (51), can be related with the expression (29b) and with the 
relationship concerning the Palumbo-Nardelli Model. Hence, we obtain the following connections: 
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Furthermore, the eq. (49) is also related with the relationship concerning the Palumbo-Nardelli 
Model applied to the D-branes. Hence, we have: 
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                                                                       Chapter 6 
 
                                                                     Connections. 
 
Now we take the eq. (20) of chapter 1. We note that can be related with the Godston-Montgomery 
equation, hence we have the following connection: 
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Now we take the eq. (29) of chapter 1. We note that can be related with the equation regarding the 
Palumbo-Nardelli model and with the Ramanujan’s identity concerning pi . Hence, we have the 
following connections: 
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Now we take the eqs. (8) and (9) and (11) of the chapter 2. We note that can be related with the 
Ramanujan’s modular equation (32b) and the Ramanujan’s identity concerning pi  (32). Thence, we 
have the following connection: 
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Also for the eqs. (11) and (37), we obtain of the similar connections: 
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Also with regard the eqs. (101) and (106) of Chapter 2, we note that can be related with the 
Ramanujan’s identity concerning pi . Thence, we have the following connections: 
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Now we take the eqs. (79), (82), (83), (98) and (105) of Chapter 3. We note that can be related 
with the Goldston-Montgomery equation (29b) and with the Palumbo-Nardelli relationship (30) of 
chapter 5. Hence, we obtain the following connections: 
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Now, we take the eqs. (15), (22), (25) and (27) of Chapter 4. We note that can be related with the 
Palumbo-Nardelli relationship. Thence, we have the following connections: 
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While, if we take the eqs. (18), (33b), (38), (43) and (46) of Chapter 4, we note that can be related 
with the Ramanujan’s identity concerning pi  and with Palumbo-Nardelli model. Then, we obtain 
the following connections: 
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Furthermore, we can see easily that the equations described in the Chapter 5 and 6 can be 
connected also among them. 
 
                                                                    Conclusion 
 
Hence, in conclusion, also for some mathematical sectors concerning the Fermat’s Last Theorem, 
can be obtained interesting and new connections with other sectors of Number Theory and String 
Theory, principally the p-adic and adelic numbers, the Ramanujan’s modular equations, some 
formulae related to the Riemann zeta functions and p-adic and adelic strings. 
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Furthermore, also the fundamental relationship concerning the Palumbo-Nardelli model, a general 
relationship that links bosonic string action and superstring action (i.e. bosonic and fermionic 
strings acting in all natural systems), can be related with some equations regarding the p-adic 
(adelic) string sector. 
 
 
 
Acknowledgments 
 
I would like to thank Prof. Branko Dragovich of Institute of Physics of Belgrade (Serbia) for the 
important and fundamental advices and references that he has give me and his availability and 
friendship with regard me. Furthermore, I would like to thank the Prof. G. Tasinato of Oxford 
University for his friendship and availability and the Prof. A. Palumbo whose advices has been 
invaluable for me. In conclusion, I would like to thank also F. Di Noto for his important 
mathematical contribute and useful discussions with regard the Number Theory (Riemann zeta 
function and Fibonacci’s Numbers).  
 
 
 
 
 
References 
 
 
Wiles Andrew – “Modular Elliptic Curves and Fermat’s Last Theorem” – Annals of Mathematics,  
                             141 (1995), 443-551. 
 
Edixhoven Bas, Couveignes Jean-Marc, de Jong Robin, Merkl Franz and Bosman Johan  
- “On the Computation of coefficients of a modular form” –  arXiv:math.NT/0605244v1 – 9    
       May 2006. 
  
Hammond F. William – “Fermat’s Last Theorem – After 356 Years” – A Lecture at the Everyone  
                                        Seminar – University at Albany, Oct 22, 1993 – Minor revisions: 15.07.04. 
 
Deitmar Anton – “Panorama of zeta functions” – arXiv:math.NT/0210060 v4 – 29 Sep 2005. 
 
Riedel Marko Ragnar – “Applications of the Mellin-Perron Formula in Number Theory”  
– University of Toronto – August 1996. 
 
Aref’eva I. Ya., Volovich I. V. – “Quantization of the Riemann Zeta-Function and Cosmology” - 
                                                  arXiv:hep-th/0701284v1 – 30 Jan 2007. 
 
Connes A. – “Trace formula in noncommutative Geometry and the zeros of the Riemann zeta 
                       Function” – arXiv:math.NT/9811068 v1 – 10 Nov 1998. 
 
Aref’eva I. Ya., Dragovich B. G. – “Open and Closed p-adic Strings and Quadratic Extensions of  
                                                          Number Fields” – CERN-TH.5076/88. 
 
Dragovich B. – “On Adelc Strings” – arXiv:hep-th/0005200 v1 – 22 May 2000. 
 
 
 34 
Ghoshal D., Sen A. – “Tachyon Condensation and Brane Descent Relations in p-adic  
                                     String Theory” – arXiv:hep-th/0003278 v1 – 30 Mar 2000. 
 
Dragovich B. – “Zeta Strings” – arXiv:hep-th/0703008v1 – 1 Mar 2007. 
 
Gomez-Reino M., Zavala C. I. – “Recombination of intersecting D-branes and Cosmological  
                                                      Inflation” – SISSA/ISAS September 06, 2002. 
 
Easson D., Gregory R., Tasinato G and Zavala I. – “Cycling in the Throat” –  
                                                                                   arXiv:hep-th/0701252v1 – 29 Jan 2007. 
 
Palumbo A., Nardelli M. – “The Theory of String: A Candidate for a Generalized Unification 
                                             Model” – CNRSOLAR 122JA2006 – 22.11.2006. 
 
Nardelli M., Di Noto F., Tulumello A. – “Sulle possibili relazioni matematiche tra Funzione zeta di 
                                                              Riemann, Numeri Primi, Serie di Fibonacci, Partizioni e 
                                                              Teoria di Stringa” – CNRSOLAR 113BC2006 – 07.11.2006. 
 
 
                                                                   
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
                                              Finito di stampare nel mese di Marzo 2007 
                                  presso DI. VI. Service – Via Miranda, 50 – 80131 Napoli 
                                                              Tutti i diritti riservati 
